Abstract. Deformation theory requires solving Maurer-Cartan equation (MCE) associated to an DGLA (L-infinity algebra). The universal solution of [HS] is obtained iteratively, as a fixed point of a contraction, analogous to the Picard method. The role of the Kuranishi functor in this construction is emphasized.
Introduction
The construction of a universal solution of the Maurer-Cartan solution of a DGLA from [HS] (see also [AI] ) is explained in analogy with Picard's method for solving differential (integral) equations.
The deformation theory point of view of [M] is adopted to show that the universal twisting cocycle appears as the preimage of 0 under the Kuranishi functor.
Together with the Kuranishi map, it prompt an analogy with Lie theory, relating the infinitesimal and global (co)structures. It is reminiscent of "Hodge duality", and the role of a contraction in a strong deformation retract is emphasized: it provides such a *-operator. It is a Dirac operator, and a complex structure away from harmonic forms.
The connection with generalized complex structures [G] is made via the interpretation of the above *-operator as a complex structure and a comparison with the framework characteristic of the dd * -lemma [Ca] . The role of the deformation of structure associated to a contraction as part of the SDR data, is to split the epimorphism and provide a "double of boundaries" framework characteristic of bialgebra deformation quantization.
The relation with the Riemann-Hilbert problem and Connes-Kreimer renormalization [CK] is established as a "doubling and gluing" interpretation of the deformation.
Deformation theory and Huebschmann-Stasheff universal solution
The interpretation of the Huebschmann-Stasheff construction of the universal twisting cocycle is given in terms of the Kuranishi functor. But first, a brief recall on deformation theory is in order ( [M] ; see also [AIS] ).
2.1. Deformation theory. The usual presentation of deformation theory focuses on deformation functors associated to a DGLA g = ⊕g i [M] p.14, as a functor of the coefficient (Artinian) ring. We fix such a "local model" The three main functors are [M] : 1) the Gauge functor G(g) = exp(g 0 ⊗ m) ∈ Group , 2) the Maurer-Cartan functor 3 :
To define the third functor, note that g ⊗ m is a DGLA, with (g ⊗ m) 0 nilpotent, and there is an action of the group G(g) on MC(g) . The corresponding moduli space is called the Deformation functor Def (g) = MC(g)/G(g) . Now g 0 may be identified as the tangent space to G(g) and the cycles Z 1 of g as the elements of the tangent space to MC(g) [M] p.14.
Remark 2.1. According to Chen [H] , C = g ⊗ m is the set of formal connections
with Z 1 its tangent space at the trivial connection. The functor Def lifts to the derived category, and a quasi-isomorphism between DGLAs g, g ′ induces an isomorphism between the corresponding moduli spaces Def (g) ,
2.2. Kuranishi functor. The Kuranishi functor [M] plays an important role in deformation theory, and in particular when solving MCE [HS] , as noticed in [AI] . The Kuranishi maps allow to represent deformation functors Def (g) for which H 1 (g) is finite dimensional.
Chose a direct sum decomposition ( [M] , p.17; compare with [AI] Example 6, p.17)
and
, where [HS] :
Proof. The details are left to the reader.
Definition 2.1. The Kuranishi map F : T 1 (g) → T 1 (g) is the morphism of functors given by:
The Kuranishi map is an isomorphism of functors [M] .
Definition 2.2. The Kuranishi functor is given by:
In other words Kur(g) is the kernel of the morphism of functors induced by the composition:
We have included the term dx (compare with [M] ):
since it vanishes under projection to H 2 . The Kuranishi functor yields a reduction of the MC equation, as explained in what follows.
Let N = ⊕N i be defined by:
may be thought of as a reduction of the space of connections subject to a gauge condition:
Proposition 2.2. The isomorphism F induces an isomorphism [M] :
In other words, under the Kuranishi map F , the Kuranishi functor Kur is isomorphic with the reduction MC(N) . Now note that the projection g → g/B 1 ∼ = N is a quasi-isomorphism so that the corresponding deformation functors are isomorphic:
In conclusion, Theorem 2.1. For any DGLA g the Kuranishi functor is "locally" isomorphic to the deformation functor
Now we can interprete the construction of the universal twisting cocycle from [HS] .
2.3. The Huebschmann-Stasheff construction. The Huebschmann-Stasheff construction is based on a representable version of the Kuranishi functor explained above, obtained by applying Hom g = Hom(·, g) . In other words, the universal twisting cocycle τ solves the MC-equation (master equation) in the Chevalley-Eilenberg DGLA associated to the DGLA g
Overloading the notation for the Kuranishi maps/functors, the relation satisfied by τ [AI] , p.21 is (modulo an irrelevant sign):
In other words the universal twisting cocycle is:
Since h is a contraction partially inverting d , it follows that:
i.e. τ is a solution of the MC equation in the Chevalley-Eilenberg DGLA. Let us briefly recall the construction from [HS] , p.10, applying the Theorem 2.7 (loc. cit. p.9) to our contraction (SDR) from Equation 2.1. For further details see [AI] , p.21.
5 The morphism Kur
→ Def (g) isétale [M] . 6 The suspension was omitted to simplify notation.
As mentioned above (see also [HS] , Addendum 2.8.1, p.10), the twisting cochain is determined by τ :
The solution is constructed iteratively:
Consider now the contraction:
together with a sequence defined recursively by:
Then we obtain the following interpretation of Stasheff-Huebschmann construction.
Theorem 2.2. The universal Maurer-Cartan solution is the fixed point τ = lim y b of the contraction C associated to the splitting contraction h (as DG-objects). Moreover
Proof. First note that C is a contraction relative to the grading (h-addic) topology of S c (sH(g)) . Now the b -th component of the fixed point τ satisfies the above recursive relation:
Remark 2.2. In view of Theorem 2.1, we think of the contraction C associated to the splitting homotopy h , as the projection on the moduli space Def L = MC L /G L . After "gauge fixing", i.e. removing the redundant boundaries by restricting to C 1 ⊕ H 1 (see [M] , p.18), the Kuranishi functor F = Id + C becomes an isomorphism (see Equation 2.2).
Remark 2.3. The use of an almost contraction in [AIS] when solving the MCE [ * , * ] for an associative star-product * is prototypical of the recursive construction of StasheffHuebschmann in view of the fact that any DGLA (L, d, [, ] ) can be augmented to a pointed DGLA (L d 
, which can be solved as in [AIS] using an almost contraction, or as in [HS] .
We have interpreted Equations (2.7.2) and (2.7.3) from [HS] as giving a fixed point of a contraction, in order to to emphasize the typical approach of solving a differential (or integral) equation iteratively, as it will be recalled next.
Higher Lie Theory. The idea is that Deformation Theory is a Higher Lie Theory.
In Lie theory the infinitesimal Lie algebra is exponentiated to obtain the closed 1-parameter groups a t = E At . In the classical Lie groups case, the exponential is the solution of the initial value problem dy/dt = Ay, y(0) = e.
The solution can be obtained as a formal power series y = a n x n , which leads to recursive formulas for analytic coefficients a n+1 = f (a n ) , or using Picard's method by solving the equivalent integral equation y = y 0 + Ay , which also leads to an iterative procedure:
Now
plays the role of the contraction for d :
so the Huebschmann-Stasheff construction may be thought of as the Picard's method for finding the exponential of a higher Lie theory.
We will dwell on an example, to make this comparison more convincing.
Picard's method and almost contractions.
The use of such contractions [HS] was "rediscovered" by the present author in [AIS] , and called "almost contractions" in contrast with contracting homotopies [HSt] , p.125. We will recall the idea behind Picard's method [Kr] p.285 and try to recast it in terms of homotopical algebra.
The initial value problem (IVP) is equivalent to the integral solution:
which can be found iteratively: 
Then dh = Id and hd = Id − H , where the evaluation at 0 H(f ) = 1/2f (0) , is the projection on the subspace of constants, of kernel m (augmentation). Then dh + hd = 2Id − H , except of course d 2 = 0 etc., and Picard's solution is now:
7 This is no longer a constraint when looking for formal solutions.
The analog for formal deformations consists of Maurer-Cartan equation:
with a similar iterative solution:
2.6. Generalization to the L-infinity case. Now K(y) = [y, y] is a contraction in the h-addic completion sense, so the (formal) series converges. The construction of the solution can be generalized to the full MC equation, corresponding to an
We interpret this equation as a higher version of Lie theory, which corresponds to dy = 0, d = D + A . Then the solutions of MCE correspond to a pointed formal manifold, generalizing Lie groups. In this sense deformation theory is a higher version of Lie theory.
The Laplacian: doubling and gluing
The homotopy h used to construct a solution of MCE is determined by the splitting of g into homology H , boundaries B and residual piece C , reminiscent of the Hodge decomposition of the de Rham complex of a Riemannian manifold.
3.1. The *-operator of a contraction. In [AI] , p.16. it is proved that in general a SDR N → M with contraction h defines a *-operator * = h + d N + Id ∇ , such that the codifferential d * = * d * −1 = h is the contraction h and the associated Laplacian ∆(h + d N ) 2 = ∇π − Id N is essentially a projection. In our context, with g → H(g) a SDR with contraction h corresponding to the decomposition g = H ⊕ B ⊕ C, the "Hodge" isomorphism is * = (h + d) ⊕ Id H , d * = h, and the "Hamiltonian"
is the projection onto the space of boundaries and coboundaries
of kernel H : the harmonic forms.
Definition 3.1. The Hodge decomposition associated to a contraction h of a SDR data is:
where d * = * d * = h and * is the associated Hodge operator.
As expected, the cycles are Z = kerd = B ⊕ H and cocycles Z * = kerd * = B * ⊕ H .
Remark 3.1. It is interesting to note that g has the structure from Lemma 1 of [K2] , p.12.
Recall that the basic principle of homotopy perturbation theory, the Gugenheim principle, refers to the transfer of structure under quasi-isomorphisms ( [L] , p.2-3): given a resolution ǫ : A → H(A) (quasi-isomorphism) and a deformation of H(A) , is there a deformation of A transfered via the quasi-isomorphism?
Kontsevich answers affirmatively this question (loc. cit.) in the case of P -algebras for certain operads P satisfying some technical conditions.
Returning to the Hodge decomposition,
is a sort of a Hilbert transform. On D(B) , i.e. outside the non-trivial piece H(g) , the star operator * is also a complex structure or a "Dirac structure"
Of course one could take −h as a contraction instead, and obtain the Laplacian as the projection (positive operator) and investigate the relation with the harmonic oscillator
Remark 3.2. We think of a decomposition of g as above as a 2-charts bundle atlas; it is obtained by doubling B via the complex/Dirac structure * and then gluing the two pieces along H :
The deformation of the initial DGLA structure on g to an L ∞ -algebra structure is a "trivialization of the bundle": it splits the extension in the larger homotopy category.
Relative to the corresponding L ∞ -algebra structure on the homology obtained by deformation, h deforms to a splitting contraction of L ∞ -algebras:
Alternatively, the SDR data for the (DG) Lie algebra g prompts to interpret the quasi-isomorphism g ǫ → H(g) as an augmentation with augmentation ideal the "double of boundaries" (D, * ) (see Remark 3.1):
Then the restriction of the Hodge operator * (Dirac structure) to this double is a complex structure:
The relation with quantization is considered next.
3.2. Remarks on deformation quantization. The above interpretation of the deformation of the initial structure to allow a splitting suggests a connection with deformation quantization. One approach, the so called bialgebra (deformation) quantization uses the additional bialgebra structure for twisting and producing a quantization (quantum groups as Hopf algebra deformations etc. [CP] ). The point that deformation quantization via Hopf algebra deformations underlies the renormalization process in the algebraic framework of Connes-Kreimer was already made in [IM] . As briefly mentioned in [I2, I3] , Feynman rules and renormalization aims to represent a Feynman category (DG-coalgebra PROP) as a "quotient" of the universal PROP generated by the (2-pointed) Riemann sphere CP 1 , with underlying algebraic-geometry object we call "bifield" (compare with Hopf/bialgebra at the infinitesimal level). With this in mind, deformation theory is a "higher Lie theory" targeting Lie bialgebras (Hopf algebras) and the corresponding algebraic-geometric picture. We think that the "bifield" plays the role of a quantum information propagator, and the involution z → 1/z , which maps "sequential addition" into the "parallel addition" of inverses, is fundamental in the quantum computing interpretation of space-time [I3] .
Conclusions and further developments
It was explained that deformation theory exponentiates solutions of Maurer-Cartan solutions corresponding to deformations of algebraic structures in a similar manner with Lie theory. The relevant correspondences are given by the Kuranishi map and functors. They are related to the universal solutions of Huebschmann and Stasheff [HS] , which are universal twisting cocycles.
The role of such a deformation in the context of a strong deformation retract was explained: the "almost contraction" of [AIS] or the contraction h of [HS] provide a "Hodge duality" which splits in the larger category of deformed structures (L-infinity algebras) . At this point the relation with bialgebra quantization emerges ( §3.2).
More general, such a decomposition g = H + B + B * with a corresponding homotopy h appears in the context of the dd * -lemma [Ca] :
where ∆ is the corresponding Laplacian. An interesting application regards Dirac structures and generalized complex structures [G] , which include the symplectic and the complex case in a common framework, with possible implications to mirror symmetry. The above context of a SDR data for g allows for an additional generalization from generalized complex structures on T ⊕ T * to the Riemann-Hilbert problem framework, with applications to renormalization, as hinted in §3.2.
Returning to the above "doubling and gluing" process, the splitting of the g after deformation should exhibit a Lie (L-infinity) bialgebra structure with an r-matrix corresponding to the involution * . The "universal object" in this context is the Riemann sphere bifield CP 1 with its Hopf algebra of functions A = Hom(CP 1 , C) and universal non-commutative de Rham complex (DGHA) Ω
• (A) . The relation between a Hodge structure (d, * ) , dd * -lemma or SDR and the bialgebra structure from the perspective of the above universal non-commutative Hodge-de Rham complex, will be investigated elsewhere.
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